Supplementary Material for “Combining Dynamic
Predictions from Joint Models for Longitudinal and

Time-to-Event Data using Bayesian Model Averaging”

1 Aortic Valve Dataset

This section presents figures and tables for the analysis of the Aortic Valve dataset presented

in Section 6 of the main manuscript. More specifically:

Table 1 presents estimates and 95% credibility intervals for the parameters of the

longitudinal submodel under the five association structures.

e Table 2 presents estimates and 95% credibility intervals for the parameters of the

survival submodel under the five association structures.

e Figures 1 depicts the predicted re-operation-free survival probabilities for Patients 22

under the five joint models along with the BMA predictions.

e Figures 2-4 depict predicted square root aortic gradient levels for Patients 20, 22 and

81, respectively, under the five joint models along with the BMA predictions.
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Figure 1: Dynamic predictions of re-operation-free survival for Patient 22 under the five
joint models along with the BMA predictions. Each panel shows the corresponding condi-
tional survival probabilities calculated after each of his longitudinal measurements have been
recorded.
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Figure 2: Dynamic predictions of square root aortic gradient levels for Patient 20 under
the five joint models along with the BMA predictions. Each panel shows the corresponding
predictions calculated after each of her longitudinal measurements have been recorded, de-
noted by the vertical dashed line (i.e., measurements before the vertical line are used in the
calculation of predictions). Asterisks denote the observed square root aortic gradient levels.
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Figure 3: Dynamic predictions of square root aortic gradient levels for Patient 22 under
the five joint models along with the BMA predictions. Each panel shows the corresponding
predictions calculated after each of his longitudinal measurements have been recorded, de-
noted by the vertical dashed line (i.e., measurements before the vertical line are used in the
calculation of predictions). Asterisks denote the observed square root aortic gradient levels.



BMA - - - Value+Slope (My) -=---- Weighted Area (M)
Value (M;) ------ Area (M;) — — - Shared RE (M5)

| | | | | |
Time = 0.3 Time = 3.3

20 : : ]
=) : :
£ : \ L
B E * X B -
3 . » |
g "] I * ________ *M N
5 e — o
= Time=7.1 Time = 106
2 | : ' : L 20
< : :
3 5 e »
8 v S :
% N : . - * ;k/‘l ..4_'__'-.='-‘--"—_=—- 10
[a | 9|é|€ * X aléle * | .

. ; |

Follow—up Time (years)

Figure 4: Dynamic predictions of square root aortic gradient levels for Patient 81 under
the five joint models along with the BMA predictions. Each panel shows the corresponding
predictions calculated after each of his longitudinal measurements have been recorded, de-
noted by the vertical dashed line (i.e., measurements before the vertical line are used in the
calculation of predictions). Asterisks denote the observed square root aortic gradient levels.



2 Laplace Approximations

In this section we describe the details behind the Laplace approximations performed to
evaluate the marginal densities p(D,, | M) and p(D;(t) | My), presented in Section 6 of
the main paper. Because both of them require very similar calculations, we only show here
the Laplace approximation for p(D,, | My) with p(D;(t) | M;) approximated analogously.
In addition, to facilitate the use of the Laplace approximation, in the following 6 denotes
the ‘unconstrained’ parameters, namely log(o) instead of o, and with the Cholesky factor
of D instead of D. Based on the notation and definitions of Section 2 of the main paper,

p(D,, | My) is written as

n

p(Dn | My) = [ [ p(y:, i, 6 | M)
=1

- 11/ [T ot 15,60} 5136 01,600(01 1 63) b6 | 30) a0 1)

=1

We let

~T ~T

.
{9 ,b; } = argggax{l?[p(e,b | yi,Ti,éz-,Mk)}

= arggl;flaX{Zlogp(yi | b,0) +logp(Ti, 0 | b,8) +logp(b | 8) + logp(6 | Mk)},

denote the mode of the full posterior distribution of the parameters and random effects. This
can be obtained by either a direct optimization of the joint log-likelihood function or using
the MCMC sample at hand (e.g., by applying a density estimation approach and finding the

mode for each parameter and random effect). Let also

v _ _Ologp(y; | b, 01) +log p(Ti, 5: | b, 8x) + log p(b | B1) +log p(B | My)
. b 0b b=

Y



denote the Hessian matrix for the random effects, and analogously,

0* 3 {1ogp(y, | b:,0) + log (T, 6 | b:,6) + logp(b; | 6) +logp(6 | M) |

5, — ’ ,
’ 507 00 o

denote the Hessian matrix for the parameters. Then, we approximate the inner integral in

(1) by

qlog(2m) — log{det(Zy,) }
2

A exp +log p(y; | b;,0) +log p(T;, 6 | b;, 8) + log p(b; | 5)} :
where ¢ denotes the number of random effects for each subject i. Similarly, the outer integral

in (1) is approximated as

rlog(2m) — log{det(3g)

p(Dy | My) =~ exp 5

where x denotes the number of parameters.

3 Simulation

3.1 Simulation Settings

For all simulation scenarios the parameter values that were used for the longitudinal sub-

model were

Fixed effects: ﬁl = 335, ﬁg = 284, 53 = 151, 54 = 125, 55 = 2477 BG = 230,
57 = 254, and /88 = 185,



Random effects covariance matrix:

0.43
~0.02 1.16

D =
~0.15 1.72 3.75
| 0.07 160 3.18 4.01

Measurement error standard deviation: o = 0.60.

For the survival submodels the parameters that were used to simulate from each scenario

are given in Table 3.

Scenario
I II 111 1A%
Y% —6.73 —6.73 —16.73 —4.93
" 0.41 0.41 0.41 0.41
a1 0.39 0.66 0.30 —0.55

o —2.85 —1.00
o3 0.35
an 0.90

ot 1.65 1.65 1.65 1.60

Table 3: Parameter values for the survival submodels under the four simulation scenarios.
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3.2 Extra Results

Figure 5 shows boxplots of the distribution of log p(D,, | M) for the five joint models fitted

in each scenario:

My hi(t) = ho(t) exp{yo + nTrtl; + aimy(t)},
My hi(t) = ho(t) exp{ o + NTrtl; + arm;(t) + agmi(t)},

t
M hi(t) = ho(t) exp{y0 + MTrtl; + aq / m;(s)ds},
0

My hi(t) = ho(t) exp{yo + M Trtl; + ay /o %mi(s)ds},

Ms  hi(t) = ho(t) exp (0 + NTrtl; + arbio + asbiy + asbis 4+ asbs),

where ¢(-) and ®(-) denote the probability density and cumulative distribution functions of
the normal distribution with mean zero and standard deviation 1/3.
In Scenario I model M; is the true model, in Scenario IT model M, is the true model, in
Scenario III model Msj is the true model, and in Scenario IV model Mj is the true model.
Figure 6 shows the distribution of the ranks of the root mean squared error of the true
model, of BMA including the true model and BMA without the true model in the four

simulation scenarios.

11
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Figure 5: Simulation results under the four scenarios based on 200 datasets. Each boxplot
shows the distribution of logp(D,, | M) for each of the five fitted joint models, under each
scenario.
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Figure 6: Simulation results under the four scenarios based on 200 datasets. Each dotchart
shows the distribution of the ranks of the root mean squared error of the true model, of
BMA including the true model and BMA without the true model versus the gold standard
based on the true values for the parameters and the random effects.
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