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1 Derivatives and integrals

• Derivatives:

For the serum bilirubin outcome, we approximate the derivative as

dηBi(t)

dt
=

V∑
v=1

βB(v+1)dns(t) +
V∑
v=1

bBvidns(t) ≈∑V
v=1 βB(v+1)ns(t+ λ)−

∑V
v=1 βB(v+1)ns(t− λ)

t+ λ− (t− λ)
+∑V

v=1 bBvins(t+ λ)−
∑V

v=1 bBvins(t− λ)

t+ λ− (t− λ)
=∑V

v=1 βB(v+1){ns(t+ λ)− ns(t− λ)}+
∑V

v=1 bBvi{ns(t+ λ)− ns(t− λ)}
2λ

,

where ns(.) denotes the natural cubic spline matrix, dns(.) denotes the derivative of

ns(.) and λ = 0.001 ∗max(| t |, 1). The same formula holds for the serum cholesterol
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outcome, dηCi(t)
dt

. For the dichotomous outcome hepatomegaly we have,

dexpit{ηHi(t)}
dt

=
exp {ηHi(t)}

[1 + exp {ηHi(t)}]2
dηHi(t)

dt
=

exp (βH0 + βH1Genderi + βH2t+ bH0i + bH1it)

{1 + exp (βH0 + βH1Genderi + βH2t+ bH0i + bH1it)}2
(βH2 + bH1i)

• Integrals:

The integral for the serum bilirubin outcome is

∫ t

0

ηBi(s)ds = βB0t+ βB1Genderit+
V∑
v=1

βB(v+1)ins(t) + bB0it+
V∑
v=1

bBviins(t),

where ins(.) denotes the integral for ns(.). Using a 15-point GaussKronrod rule we

obtain the following approximation

∫ t

0

ηBi(s)ds ≈ βB0t+ βB1Genderit+
V∑
v=1

βB(v+1)

15∑
a=1

wans(st) + bB0it+

V∑
v=1

bBvi

15∑
a=1

wans(st),

where st = [{min(t, ρp)−min(Ti, ρp−1)}sa +min(t, ρp) +min(t, ρP−1)]/2, ρ1 . . . ρP

denotes a split of the time scale and wa, sa denote prespecified weights and abscissas,

respectively. The same formula holds for the serum cholesterol outcome,
∫ t
0
ηCi(s)ds.

For the dichotomous outcome hepatomegaly we have,

∫ t

0

ηHi(s)ds = βH0t+ βH1Genderit+ βH2
t2

2
+ bH0it+ bH1i

t2

2
.
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2 Results

Table 1: Results of proposed joint model assuming Bayesian lasso
Mean SE 2.5% 97.5%

Serum bilirubin
InterceptB 0.65 0.14 0.37 0.92

β
ns(year)1
B 0.99 0.15 0.69 1.26

β
ns(year)2
B 1.54 0.17 1.22 1.85

β
ns(year)3
B 1.46 0.24 1.00 1.90
βGenderB -0.12 0.15 -0.40 0.18

Serum cholesterol
InterceptC 5.70 0.06 5.59 5.82

β
ns(year)1
C -0.22 0.06 -0.34 -0.10

β
ns(year)2
C -0.38 0.08 -0.54 -0.24

β
ns(year)3
C -0.32 0.11 -0.56 -0.12
βGenderC 0.10 0.06 -0.02 0.21

Hepatomegaly
InterceptH 0.35 0.49 -0.57 1.34

βyearH 0.15 0.08 0.002 0.31
βGenderC -0.23 0.50 -1.24 0.75
Survival

γAge 0.04 0.01 0.02 0.06
γGender -0.30 0.26 -0.81 0.22

αB1 1.65 0.31 1.10 2.31
αB2 0.05 0.11 -0.17 0.27
αB3 -0.28 0.26 -0.84 0.16
αC1 -0.29 0.15 -0.58 0.01
αC2 0.10 0.06 -0.004 0.22
αC3 0.11 0.42 -0.69 1.07
αH1 0.10 0.15 -0.19 0.42
αH2 -0.22 0.12 -0.48 -0.01
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Table 2: Results of proposed joint model assuming Bayesian ridge
Mean SE 2.5% 97.5%

Serum bilirubin
InterceptB 0.60 0.16 0.29 0.90

β
ns(year)1
B 0.95 0.14 0.69 1.23

β
ns(year)2
B 1.56 0.20 1.18 1.93

β
ns(year)3
B 1.51 0.25 1.02 2.00
βGenderB -0.08 0.16 -0.39 0.20

Serum cholesterol
InterceptC 5.70 0.06 5.58 5.83

β
ns(year)1
C -0.21 0.06 -0.34 -0.10

β
ns(year)2
C -0.37 0.08 -0.52 -0.22

β
ns(year)3
C -0.31 0.11 -0.53 -0.10
βGenderC 0.10 0.06 -0.02 0.22

Hepatomegaly
InterceptH 0.31 0.48 -0.62 1.28

βyearH 0.14 0.09 -0.03 0.30
βGenderC -0.22 0.48 -1.21 0.70
Survival

γAge 0.04 0.01 0.02 0.05
γGender -0.43 0.28 -0.96 0.11

αB1 1.54 0.26 1.09 2.15
αB2 0.06 0.09 -0.12 0.25
αB3 -0.17 0.22 -0.71 0.13
αC1 -0.19 0.14 -0.49 0.03
αC2 0.09 0.05 -0.003 0.20
αC3 0.02 0.25 -0.49 0.60
αH1 0.07 0.13 -0.15 0.37
αH2 -0.22 0.12 -0.48 0.002
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Table 3: Results of proposed joint model assuming Bayesian elastic net
Mean SE 2.5% 97.5%

Serum bilirubin
InterceptB 0.66 0.15 0.38 0.96

β
ns(year)1
B 1.01 0.16 0.73 1.39

β
ns(year)2
B 1.55 0.16 1.26 1.88

β
ns(year)3
B 1.47 0.19 1.08 1.84
βGenderB -0.13 0.15 -0.44 0.17

Serum cholesterol
InterceptC 5.71 0.06 5.60 5.82

β
ns(year)1
C -0.22 0.07 -0.35 -0.09

β
ns(year)2
C -0.39 0.08 -0.54 -0.25

β
ns(year)3
C -0.34 0.11 -0.56 -0.13
βGenderC 0.10 0.06 -0.02 0.21

Hepatomegaly
InterceptH 0.39 0.50 -0.54 1.45

βyearH 0.14 0.08 -0.02 0.31
βGenderC -0.27 0.53 -1.37 0.69
Survival

γAge 0.04 0.01 0.02 0.05
γGender -0.43 0.26 -0.94 0.10

αB1 1.39 0.29 0.84 1.99
αB2 0.11 0.12 -0.10 0.36
αB3 -0.11 0.22 -0.59 0.30
αC1 -0.22 0.14 -0.50 0.05
αC2 0.08 0.06 -0.03 0.19
αC3 0.09 0.36 -0.61 0.92
αH1 0.13 0.15 -0.15 0.45
αH2 -0.25 0.12 -0.51 -0.04
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Table 4: Results of proposed joint model assuming Bayesian horseshoe
Mean SE 2.5% 97.5%

Serum bilirubin
InterceptB 0.59 0.15 0.30 0.93

β
ns(year)1
B 0.99 0.13 0.74 1.24

β
ns(year)2
B 1.54 0.21 1.17 2.04

β
ns(year)3
B 1.45 0.26 1.00 2.05
βGenderB -0.06 0.16 -0.38 0.24

Serum cholesterol
InterceptC 5.70 0.06 5.58 5.82

β
ns(year)1
C -0.21 0.06 -0.33 -0.10

β
ns(year)2
C -0.41 0.09 -0.67 -0.26

β
ns(year)3
C -0.38 0.13 -0.74 -0.17
βGenderC 0.10 0.06 -0.01 0.22

Hepatomegaly
InterceptH 0.31 0.55 -0.72 1.49

βyearH 0.14 0.08 -0.01 0.31
βGenderC -0.18 0.55 -1.32 0.83
Survival

γAge 0.04 0.01 0.02 0.06
γGender -0.40 0.26 -0.91 0.13

αB1 1.65 0.31 1.12 2.33
αB2 0.06 0.11 -0.14 0.30
αB3 -0.26 0.27 -0.85 0.13
αC1 -0.24 0.15 -0.53 0.02
αC2 0.09 0.06 -0.01 0.21
αC3 0.07 0.38 -0.72 0.98
αH1 0.07 0.14 -0.20 0.38
αH2 -0.24 0.14 -0.58 -0.01
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3 Simulations

Table 5: Simulation Scenarios

Scenario β σy diag{σb} γ α
(7)

GenderMales = 0.77 0.25 0.99 (Intercept) = -3.94 1.1
GenderFemales = 0.51 1.3 GenderFemales =-0.44

Time1 = 0.82 1.15
Time2 = 1.07 0.94
Time3 = 0.76

(8)
GenderMales = 0.77 0.25 0.99 (Intercept) = -3.94 -2.58

GenderFemales = 0.51 1.3 GenderFemales =-0.44
Time1 = 0.82 1.15
Time2 = 1.07 0.94
Time3 = 0.76

(9)
GenderMales = 0.77 0.25 0.99 (Intercept) = -3.94 0.14

GenderFemales = 0.51 1.3 GenderFemales =-0.44
Time1 = 0.82 1.15
Time2 = 1.07 0.94
Time3 = 0.76

(10)
GenderMales = 0.77 0.25 0.99 (Intercept) = -3.94 1.07

GenderFemales = 0.51 1.3 GenderFemales =-0.44 -2.21
Time1 = 0.82 1.15
Time2 = 1.07 0.94
Time3 = 0.76
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